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Abstract

Magnetic monopole is a hypothetical particle that produce magnetic fields with non-zero diver-
gence. However, none have been found experimentally. There is a mathematical solution of mag-
netic monopole discovered by 't Hooft and Polyakov by considering SO(3) gauge theory [I} 2].

In this thesis, we will be focusing on finding magnetic monopoles in the Pati-Salam model.
We are able to find the solution of a monopole similiar to the ’t Hooft—Polyakov monopole in the
Pati-Salam model. We found that its mass is around the Pati-Salam symmetry breaking scale.
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Chapter 1

Introduction

1.1 Magnetic monopole

One of the elementary properties of magnetism is that magnets are magnetic dipoles and magnetic
field lines are always in loops. However, in 1974, a magnetic monopole in non-Abelian gauge
theories were discovered by ’t Hooft and Polyakov [I] 2]. The ’t Hooft—Polyakov monopole is a
topological soliton. It arises when the gauge group SO(3), coupled to a scalar field, is spontaneously
broken to U(1) via Higgs mechanism.

Similar to electric charges, magnetic field lines start or end at magnetic monopoles. They
interact strongly with electromagnetic fields. Classically, separated magnetic poles are forbidden
in the formulation of electrodynamics as the magnetic field is given by the curl of the vector

potential. . .
B=VxA (1.1)

Divergence of curl of any vector field must vanish.
V«VXV>:O (1.2)

So, magnetic monopoles cannot be described by vector potential in classical electrodynamics.
A particle with electric charge q produces electric field

= 7
A charge moving in an electromagnetic field with velocity v would experience Lorentz force
F=qE+7xB) (1.4)

However, the reciprocity between electricity and magnetism suggests that if magnetic monopole
exists, with magnetic charge g, it would produce magnetic field

é:g(;> (1.5)

F=g(B-0xE) (1.6)

and it would experience "Lorentz force"

13l

In 1931, Dirac proposed a vector field that could describe magnetic monopole [4]. Introduce
the electromagnetic potential B. Note that this is not the magnetic flux density we mentioned
before. This electromagnetic potential B introduced by Dirac satisfies

E=V xB (1.7.1)

. 19B .

H=-""4+VB 1.7.2
08t+ 0 ( )



[4], where H is the magnetic field strength. Note that the magnetic flux density and magnetic field
strength differs by magnetization field.

Dirac suggested that it would result in magnetic charge being pg = %76. So, the attractive
force between monopole and anti-monopole is (137/2)? = 4962.25 times the attractive force between
proton and electron, so magnetic monopoles with opposite charge had never been seperated yet
[4].

This formulation allows the existence of magnetic monopole. However, it does not describe
electric charges. This means the dynamics of electric charge and magnetic charge cannot be
described simultaneously in a simple U(1) gauge theory. The solution to this is found to be
non-abelian gauge theory e.g. SO(3) or SU(2). 't Hooft—Polyakov monopole was discovered as
topological soliton by considering SO(3) theory [I} 2].

Following the discovery of 't Hooft—Polyakov monopole, there have been searches and exper-
iments to detect magnetic monopoles. Monopoles should be produced in particle accelerators
experiments if the collision energy is higher than 2M¢?, where M is the mass of the monopole.
Magnetic monopoles are easy to detect as they interact strongly with electromagnetic field. Unlike
other particles produced in accelerators, magnetic monopoles are stable as they do not decay. A
monopole can only be destroyed when it meets an anti-monopole [3].

The Dirac quantization condition states that qg = N/2 [5 6], where ¢ and g are the elec-
tric charge and magnetic charge respectively, N is an integer. The magnetic charge of the 't
Hooft—Polyakov monopole is found to be < [I]. In SO(3) theory, e is the elementary electric charge.
This is in contradiction with the minimum charge allowed by Dirac quantization condition.

To resolve the contradiction of minimum electric and magnetic charge of a particle (carrying
both and only electric and magnetic charge) allowed by Dirac quantization condition, we are
searching for magnetic monopole in a theory where the elementary electric charge is 5. We could
consider a different gauge group. It is intuitive that if we want half the charge we got in SO(3)
theory, we should try SU(2) instead as SU(2) is a double cover of SO(3). We are looking for
magnetic monopoles in the Pati-Salam model since it is a candidate of grand unified theory, and
it has SU(2) supgroup spontaneously broken into U(1).

1.2 Pati-Salam model

The Pati-Salam model SU(4)ps X SU(2)r, X SU(2)r is an alternative of SU(5) grand unification
[7, 8]. Both the Pati-Salam group and SU(5) are subgroup of SO(10), and both can be further
spontaneously broken to the Standard Model gauge group SU(3)¢c X SU(2);, x U(1)y [7]. The
subscript PS stands for Pati-Salam, C for colour, L for left-handed particle, R for right-handed
particle, and Y for weak hyper-charge.

1.2.1 Symmetry breaking scale

At the moment, we only understand physics up to electroweak scale ~ 100GeV. We do not fully un-
derstand how Physics work at higher energy scale. It is possible that there are magnetic monopoles
with mass above electroweak scale but below GUT scale. e.g. Pati-Salam breaking scale. The Pati-
Salam model has a much lower symmetry breaking scale ~ 1000TeV compared to SU(5) ~ 1016GeV
[9]. Although LHC could only accelerate particles to a few TeV, the Pati-Salam energy scale is
more realistic and achievable in near future. It is much more likely to be tested experimentally.
This is why we are searching for magnetic monopoles in the Pati-Salam model in this project.

1.2.2 Leptons as the fourth color

In the Standard Model, leptons are treated as singlets of SU(3). In the Pati-Salam model, the
gauge symmetry SU(3) of the 3 colors is extended to SU(4) of 4 colors. The leptons are treated
as the fourth color [§].

1.2.3 Left-right symmetry

The right-handed particles are also a doublet in the Pati-Salam model. Left-handed particles are
in (4,2,1) representation, and the right-handed particles are in (4,1,2) representation [7]. The
Pati-Salam group has several subgroups. The Standard Model group is one of them. Then, we



requires SU (4) ps X SU(2) r spontaneously broken into SU(3)c X U(1)y. This breaks the Left-right
symmetry. Right-handed particles in the Standard Model do not interact via weak force.

1.3 Outline of the project

In this project, we will follow the method in 't Hooft’s paper [I]. In chapter 2, we first calculate
the Pati-Salam symmetry breaking and deduce the vacuum manifold. From this, we will embed
a 2 sphere into the vacuum manifold which will give rise to a monopole. In chapter 3, we will
then write a suitable ansatz for the gauge connection, and derive the associated Euler-Lagrange
equations. Lastly, we will evaluate the mass and charge of the monopole.



Chapter 2

Pati-Salam symmetry breaking

Magnetic monopoles arise when SU(2) symmetry group is broken into U(1). We are interested
in the SSB process that the Pati-Salam group is spontaneouly broken into the Standard Model
group. That requires SU(4)ps X SU(2)r — SU(3)c x U(1)y.

To find the residual symmetry group after SSB, we need to define a matrix [10]

S = QH{t*,t*1Qo (2.1)

where t% are the generators, (¢ is the vacuum expectation value of the scalar field.

SU(4) group has 15 generators and SU(2) group has 3 generators. So, SU(4) X SU(2) has 18
generators in total (see Appendix A).

Eigenvectors of S with zero eigenvalue corresponds to the unbroken generators, and eigen-
vectors with non-zero eigenvalue corresponds to the broken generators.

The SU(4) and SU(2) gauge group may have different coupling constants. We will re-scale
the SU(2) generators by ¢ = g—j such that the covarient derivative can be written as D,Q =
04 Q + g2 AL1Q.

The VEV required such that the residual symmetry group is SU(3) x U(1) is found to be
Qo = (0,0,0,0,0,0,0,v), where v is the field value at the minimum potential.

For VEV = Q¢ = (0,0,0,0,0,0,0,v) (see appendix B.1),

Sab — 42 (2.2)
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The eigen-vectors are

A =0 =(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) (2.3.1)
A2 =0 =(0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) (2.3.2)
A3 =0 v3 = (0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) (2.3.3)
A =0 vy = (0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0) (2.3.4)
A5 =0 =(0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0) (2.3.5)
A6 =0 vs = (0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0) (2.3.6)
A =0 =(0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0) (2.3.7)
A =0 vs = (0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0) (2.3.8)
Ao = 202 ve = (0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0) (2.3.9)
Ao = 202 v10 = (0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0) (2.3.10)
A1 = 202 v11 = (0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0) (2.3.11)
Ao = 202 v12 = (0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0) (2.3.12)
Mg = 202 v13 = (0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0) (2.3.13)
Ay = 202 v14 = (0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0) (2.3.14)
A5 =0 v15 = (0,0,0,0,0,0,0,0,0,0,0,0,0,0, cosy, 0,0, —siny) (2.3.15)
g = 2¢%02 v = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0) (2.3.16)
A7 = 2¢%0? v17 = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0) (2.3.17)
Aig = (34 2¢%)0? v1g = (0,0,0,0,0,0,0,0,0,0,0,0,0,0, sinvy, 0,0, cosy) (2.3.18)
where siny = \/%, cosy = g%gij-%gf

Define a new set of generators T = vgt’. Tt to T® are the unbroken SU(4) generators, which
form the residual SU(3) group. T? to T'* are the broken SU(4) generators. T'¢ and T'7 are the
broken SU(2) generators. T1° is the residual U(1) generator, which is a linear combination of o,
and t15. T'8 is the linear combination orthonormal to T'°, which is broken. So, we can identify
that the residual symmetry group is SU(3) x U(1)

2.1 Vacuum manifold

In order to find the Lagrangian, we would have to parameterise the scalar field. Take the vacuum
manifold as G/H, where G is the gauge group and H is the unbroken subgroup [10].

2.1.1 SU(2) x SU(2) — U(1)

Let’s consider a simpler case of SU(2) x SU(2) — U(1) first. For simplicity, we assume the 2
SU(2) groups have the same coupling constant.

For VEV = (0,0,0,v) (see appendix B.2),

S OO O o N
SO oo N O
NO O N OO
SO NO OO
SN OO OO
N OO N OO



The eigenvectors are

A =4 =(0,0,1,0,0,1) (2.5.1)
Ao =2 = (1,0,0,0,0,0) (2.5.2)
A3 =2 vs = (0,1,0,0,0,0) (2.5.3)
Ay =2 vs = (0,0,0,1,0,0) (2.5.4)
A5 =2 (o 0,0,0,1,0) (2.5.5)
X6 =0 v = (0,0,-1,0,0,1) (2.5.6)

There is only 1 unbroken generator. So we can identify that the residual symmetry group is
U(1). Define a new set of generators T = vt

Note that in the Pati-Salam model, We only need a 2-sphere embedding in the vacuum manifold
to produce a magnetic monopole. We can parameterise any point on a 2-sphere with 2 parameters.
So, in the SU(2) x SU(2) case, we chose only 7" and T° when defining the 2-sphere. Note that
the normalization does not matter when we consider the vacuum manifold.

The scalar field has 2 indices. We can represent it as a matrix, so that the first index transforms
by multiplying SU(2) matrix on the left, and the second index transforms by multiplying the
transpose of SU(2) matrix on the right.

The VEV can be factorized into Qg = <8 2) =0 <(1)) (O 1). With o; being the SU(2) gener-

ators, we can define the embeded 2-sphere in the vacuum manifold as y = e?973%2¢9721 (8 g) ei9os2
where o and as are real parameters.
We require X to satisfies x(0,0) = x(2m,0). Fix the parameters a; and as such that xy =
v (8 Zj;;%,? ), where n is an integer. ¢ and 6 are the azimuthal and polar angle respectively
in spherical coordinates.

2.1.2  SU(4) x SU(2) — SU(3) x U(1)

Back to the SU(4) x SU(2) case. As we only need a 2-sphere embedding in the vacuum manifold
to produce a magnetic monopole, we chose to take only T'7 and T'® when parameterising the
scalar field instead of the full vacuum manifold.

We can represent the scalar field as

0 0
_ ig4sin'yt15a1 O 0 7ig2c05'yt17a2 iggtlsal
x=e 00| ¢
0 v
0
0 i(92)2 i(g9)?
. 2)%ay —i(gg)ay
=v 0 (sm(ggag)e 94F cos(gag)e 94k ) (2.6)
_ Biggay
e 2k
0
_ 0 _ i[(92)%~ 3 (90)%] o1 —il(g2)24 3 (94)%]a1
=V o[ \sin(g202)e 94k cos(gaaa)e a4k
1
where k = /g2 + 3 ¢3

We can rotate it by a global phase as there is unbroken U(1) subgroup in the gauge group. The
Lagrangian is invariant under this rotation. The scalar field becomes

2i(g9)2ay

(sm(ggag)e 94k cos(gga2)> (2.7)

0
X=Y[9
1



Then, fix the parameters a; and as such that

(ewsin%e cos%a) (2.8)

_— o O o

This describes a 2-sphere embedding in the vacuum manifold. Next, we want to show that it
cannot be deformed continuously to a point such that it has non-trivial homotopy which gives rise
to magnetic monopoles. Consider the vector

¢ =trix"x(e")"] (2.9)
Calculate its components
[ 0 0
1o 00 0 e “sin® 0 0 0 1
¢ =utr (0 0 0 cos%e 0 0 1 0
i ei‘z’sin%g cos%e
[ 0 0
_ o 00 0 e *“sin% 0 0 910
s <0 0 0 cos™d 0 0 (2:10)
i cos%e e“z’sin%e

= v%in%cosn—(e“’b +e71?)

2
0 0
= 2v23in%cos%cos¢
0 0
0 0 0 e ®sin™® 0 0 0 —i
2 _ .2
¢ = <000 005”29> 0 0 i o)
ei‘z’sin?e 005%0
0 0
0 0 0 e sin? 0 0
_ 2 2 2.11
wtr (O 0 0 008"79 ) 0 40 ( )
cos%e —et®ginnl
0 0 . ,
= inSinn—cosn—(ef“z’ — ')
2 2
0 0
= 2v25inn—cosn—5in¢
2 2
[ 0 0
0 0 0 e sinn 0 0 1 0
3_,2 2
<“r<000 005"29)40 0(0—1)
| e“f)sin%a cos%o
[ 0 0
_ 2 | (00 0 e ¥sintp 0 0 (2.12)
B 000 cos? 0 0
i ei‘z’sin%e fcos%e

0 0
=02 (sinQnZ — COSQT;)

Now we can calculate the length of this vector. Length of the vector = y/{*(®



9 9 0 0 4 A%
cece =t l4sin2n2cos2nzcosz¢ + 48in2%c032%5in2¢ + (szg - COSQT;) 1
2
— ot | agin2™ . 210 ol o
=0 [45171 5 €05 + (Sln 5 05T (2.13)
2
=t (smznj + COSZ?)
= U4

So, the length of this vector is always v2, which means every point on the manifold are equal-
distant from the origin. It cannot go through the origin when moving from one point to another
point without leaving the manifold. Thus, it cannot be deformed continuously to a point. It has
non-trivial homotopy which give rise to magnetic monopoles we are searching for.

10



Chapter 3

't Hooft—Polyakov monopole

In chapter 2, we found that a 2-sphere embedding in the vacuum manifold can be parameterized
as

(ewsin%e cos%e) (3.1)

_— o o o

We would focus on the n = 2 case here. Any representation of SO(3) is equivalent to a
representation of SU(2). The fundamental representation of SO(3) is equivalent to the the adjoint
representation of SU(2). It should give similar result as the 't Hooft—Polyakov monopole.

3.1 Lagrangian
We will work with the Lagrangian density following 't Hooft’s recipe [I]. From this point, we omit

the contribution from SU(4) generators.
Let’s propose the Lagrangian density

1 1 1 1
L =—-G* G" — ZD,Qi0(D*Qia)" — = 12Q%, — ZX2(Q2 )2 3.2
4 Iz 2 P«Q ( Q ) 2” (1o 8 ( za) ( )
where
G, =0 WS — O,W + ecanc W W, (3.3)

is the field strength tensor. W are the fields of gauge bosons. Note that we are using letter e
here to represent the coupling constant of SU(2)g. If considering theory with other gauge group,
e is the coupling constant of the associated gauge group. Not to confuse with electroweak theory,
where e refers to the coupling constant of U(1)y, which is the charge of electron.

The parameter 2 is chosen to be negative so that the scalar field has non-zero vacuum expec-
tation value

1
p? = —iAFQ (3.4)

<Q? >=F? (3.5)

This is not the full Pati-Salam Lagrangian density. For the Pati-Salam group, there are other
gauge invarient terms that could be added to the Lagrangian. We ignored the contributions from
the SU(4) part. This is sufficient to produce the magnetic monopole we are looking for.

Note that this is not the usual convention for SU(N) theories. However, for n = 2, we can
easily transform the variables from spherical polar to Cartesian. In this case, the theory does not
involve complex numbers anymore.

For the scalar field, consider the ansatz

Qia = Xia(¢a G)Q(T) (36)

11



By transformimg the coordinates from spherical to Cartesian.

0 0 0 0
X=v 8 (e'?sinf cosf) = v 8 (x+iy z)=v 8 8 (3.7)
1 1 T+iy z
We can write the ansatz for the scalar field as
Qa =1.Q(r) (3-8)
After regrouping (see appendix E), the Lagrangian density becomes
L e qpwa 1 o Logn 1 22
& = —1Gh,G"" = SD,Qu(D Qu) — 5#°Q2 — SAQD) (39)
The covarient derivative can be written as
DyQa = 0uQa + e€anc W Qe (3.10)
We also need an ansatz for the vector field. We will take it to be
Wi = €uavmsW (1) (3.11)

where €,,4p is the Levi-Civita symbol if = 1,2, 3, and €44 = 0.

Because of the ansatz, the Largrangian density is spherically symmetric. We can apply the

followings to simplify the Lagrangian density.

First, the transformation of coordinates
re = (2,y, 2) = (rcospsind, rsingsing, rcosh) (3.12)

The derivative transforms as

0 F (1) = cos¢psin0, F(r) (3.13.1)
0y F(r) = singsind0, F(r) (3.13.2)
0, F(r) = cos00,.F(r) (3.13.3)

for arbitrary function F(r).

Eqgn (3.14) and (3.15) immediately tell us

TaTq =17 (3.14.1)
140, F (1) =r0,.F(r) (3.14.2)
Do F(r)0,F (r) =(0,F(r))? (3.14.3)

Note that the derivative of the coordinates is just
Oura = 6pa (3.15)

We also assume the system to be stationary, so

8,Q(r) =0 (3.16.1)
W (r) =0 (3.16.2)

Lastly, we will need this identity of Levi-Civita symbol
€abc€ade = (deéce - 5beécd (317)

Now, we can expend and simplify the terms in the Lagrangian density.

12



First, consider the field strength tensor term finwGW“.

1 a rva 1 a a va 174 a
— GG = = (DW= D, W) (0 W — 9 W)
- geabc(aﬂw;l — 9, Wy WHbyve (3.18)

2

e
byrsc dyxrve
- Zeabceadewﬂ WoWHSW

It can be reduced to (see appendix C.1)

2
—inwGW“ = <‘ilvf> - 4TW% — 6W? — 2er?W? — %e%‘*w‘* (3.19)

Next, consider the covarient derivative term —%D“Qm(D“Qm)*.

Dy Qia(D"Qia)” =[0u(raQ(r)][0" (raQ(r)]

+ 2[8#(TaQ(T))eeabceubfrfW(T)TCQ(T)] (320)

+ 62 6abceadee,ubfEl‘wlgrf TgrcTeW(T)QQ(T)Q

It can be reduced to (see appendix C.2)

1 1, (dQ\° Q 3
—ZD. O:(D"*O; ) = —Z¢2 [ 22 ) —rO0==2 — 202 — 2¢r2 2 _ e2et w202 21
5 1 Qia (D" Qin) 5" (dr) rQ I 2@ er*WQ* — e“r*w=qQ (3.21)
We also have the potential terms
PRI
P Qe = —AFr°Q (3.22)
2 4
1 22 _ Ly 4
N@2)? = —3nQ (3.23)

A constant term (vacuum energy) is added to the Lagrangian density so that the Lagrangian
is finite: —FAF*
So, the Lagrangian density becomes

1 1 1 1
L =—-G* G — iDuQia(D#Qia)* - 5”2621204 - g)‘Q( fa)Q +C

4 —H
dw d . 1
=72 —W — 47"W—W —6W?2 — 2er?W?3 — =2t
dr dr 2
) 0 9 Q3 (3.24)
— 57“2 (d) — er— — §Q2 — 2er2WQ2 — €2T4W2Q2
r r
+ 1AF%%)Q — 1Ar‘*Q‘* v
4 8 8
The Lagrangian is then
o0
L =47 / ridr
0
oo 2
:47r/ r2dr [—73 (dVV) — 47“WM — 6W?2 — 2er?W? — 1627"4W4
0 dr dr 2
2 (3.25)
1 d d 3
— §r2 <d€) —r d—g — §Q2 —2er’WQ? — 2rtw?Q?
1 1 1
IAF2r20% — S0A04 — SRt
+4 Q) 8/\r Q 8)\
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3.2 Euler-Lagrange Equation

Since the system is stationary, the energy of the system E = —L [I].
As in eqn 3.1 in ref [1], let’s introduce the following dimensionless parameters:

=W/F?e (3.26.1)
q=Q/F?% (3.26.2)
x =eFr (3.26.3)
B =M\e* = Mg /My, (3.26.4)

where Mg and My, are the mass of the associated scalar boson and vector gauge boson in the
Pati-Salam model respectively. Note that My, is not the mass of W boson in electroweak theory.
The energy of the system is then

AnMy [ dw\? d . 1
E = il 2W / z2dz |fc2 <w> + 4xw—w + 6w? + 222w + 5:174104
€ 0

dx dx
L o (dg dg 3 5 L2 g? (3.27)
2 aq .
+ -z ( x) +xq— —|— ~¢* + +22%wq® + 2tw

1 2 2 1 4.4 L
4ﬁxq+8ﬁxq+85

The mass of the monopole is given by the minima of E. So, we need to solve the E-L equations.

OF OF
a0 "\ aa) = 3.28.1
gg " (a@q)) (3.28.1)
oE OE
0 %\ 3w ) =0 3.28.2
Ow (6(8110)) (3.28.2)
We need to evaluate 2 6q7 O, (a(daEq))v g% and 9, (%).
E 4 M 1 1
7 o 22(zq’ + 3q + 42 quw + 22 w?q — = Bxq + = Bxe®)
K 62 2 2 (3.29)
47 M 1 1
= TI'QW(3/+3$ q—|—4x qw-|-23; _§5$4q+§ﬁx6q3)
4t M, A1 M,
M 22(22q + 2q) = %(35461/—1-373(])
(3.30)
4 M
( oW (523¢ + 3a2q + 21¢")

ok 4 M,
T T 5 ud 22 (4w’ + 12w + 62%w? + 22 w? + 22%¢* + 22*wq?)
w e
ir MW (3.31)
(4w’ + 1222w + 62 w? + 22%w> + 20 ¢* 4 22%wq?)
OF _Am M, 47 M
D Om) WZW 22 (22w + daw) = i W(Q Y’ + dzdw)
oW e
(3.32)
OF 4 M
0z <a(a >> oW (1203w + 204w + 120%w)
W e?
So, the E-L equation for q is
1 1
0= —423¢ + 4z quw + 225w?q — §Bx4q + §Bx6q3 — 2t (3.33)
And the E-L equation for w is
0 = —82%w’ + 6ztw? + 225w + 22%¢* + 225wq® — 22 w” (3.34)
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3.3 The mass of the monopole

Solving the equations numerically with NDSolve in Mathematica. 4 boundary conditions are

required to solve a system of 2 second-order differential equations.

According to page 92 of ref. [I1], to avoid singularity, the boundary conditions at x = 0 are

(3.35.1)
(3.35.2)

In page 280 of 't Hooft’s paper, it is shown that the boundary conditions at infinity are

Q(r) =F/r
W(T):%

M
This is required such that the energy is finite (page 92 of [I1]).
With the re-scaling presented in (3.26), the boundary conditions at infinity become

q(z) =1/x
w(r) = —1/2°

Re-scale q and w again so that the equations are easier to solve by shooting method.

q(x) —q(x)/x
w(z) —w(x)/z?

After the re-scaling in (3.38), the boundary conditions at infinity becomes

(3.36.1)
(3.36.2)

(3.37.1)
(3.37.2)

(3.38.1)
(3.38.2)

(3.39.1)
(3.39.2)

However, these are not good boundary conditions for numerical methods. At z = 0, numerical
calculations will involve numbers divided by zero. So, we evaluate the BCs at = 0.000001 instead.

This would not affect the result significantly if the value we pick is close enough to zero.

Mathematica is not good at solving equations with BCs at 2 ends. So, we are using shooting
method to find the value of ¢/(0.000001) and w’(0.000001) which gives the 2 BCs in (3.39).

The functions are very sensitive to the initial conditions. It is difficult to numerically solve
the function very accurately. We could find solutions that converge to 1 and -1 very quickly, but
then become unstable and blow up to infinity at large x. There are limits in precision due to the
approximation on the boundary conditions. It could not be improved by fine tuning the parameters.
So, when evaluating the integral, we replaced the "tail" of ¢(r) and w(r) by constant 1 and -1
respectively when the function is very close to that value. This would be a good approximation as

we know that the functions should converge.

Here are the plots of the solutions.
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The functions q(r) and w(r) for § = 0.1 (dotted curves), 8 = 1 (solid curves), and § = 10
(dashed curves).
The mass of the monopole is found to be (see Appendix D)

M, = MW o) (3.40)

e2

where C'(8) = 1.1062 for 5 = 0.1, C(5) = 1.2377 for § = 1, and C(B) = 1.4332 for 5 = 10.
This result agrees with the result in ref. [I]. C(8) = 1.1 for f = 0.1, and C(8) = 1.44 for § =
10 (the author noted that it maybe slight too large).

3.4 Magnetic charge

To find the total magnetic flux, we need the electromagnetic tensor F),,,. Here are the details from
't Hooft (page 281 of ref. [1]).
Let’s propose that
1
Q|

After a gauge rotation, the scalar field can be rotated to Q, = |Q|(0,0,1), then we have
F., =0,W3— Bl,Wff.

F;w = QaGZy - rcle)eacha(Dqu)(DuQc) (341)
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This satisfies the usual Maxwell equations everywhere except @, = 0. From (3.41), combined

with (3.3) and (3.10), we get

QuGY, = ——€uvar
aYyy er3 prala

DuQa = 8uQa + eeachSQc =0
So, the electromagnetic tensor becomes

1
FV:_ €uvaTa
" er3 "

In classical electromagnetism, the B-field is given by

1 .
Bi = —§€iij]k = 7‘2'/67"3

The total magnetic flux is then 47 /e. Magnetic charge g = 1/e.

17
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Chapter 4

Discussions

Recall the Dirac quantization condition gg = N/2. ’t Hooft suggested that the monopole found
having magnetic charge g = 1/e satisfies the Dirac’s condition gg = 1/2 with isospin 1/2 represen-
tation in SU(2) group describing particles with charges +3e (page 283 of ref. [I]). But in SO(3)
gauge theory, it has double the minimum magnetic charge.

However, recall that when we choose the embeded 2-sphere in the vacuum manifold at the
beginning of chapter 3, we chose the n = 2 case. This means a full SU(2) rotation actually wraps
around the 2-sphere twice (as SU(2) is a double cover of SO(3)). If the n = 1 case also gives
a soliton solution, that would give a monopole with half the magnetic charge but the minimum
electric charge allowed for such a monopole would be e. It is possible that there exist a family of
magnetic monopoles, with magnetic charge 5> in SU(2) theory, if there are solutions for general n.

The mass of the monopole we found is about the Pati-Salam breaking scale. At least it is much
lower than SU(5) GUT scale. There are chances to be able to produce it in accelerators in the
future.

Mathematically, it is perfectly fine to have magnetic monopoles existing. However, there may
be other reasons prohibiting the existence of magnetic monopole.

There has been attempts to detect magnetic monopoles directly. In 1982, an experiment de-
tecting moving magnetic charge with a superconductive ring sucessfully detected a jump in current
by exactly the same amount that would be generated by a magnetic monopole passing through
the ring [12]. However, later experiments have not been able to reproduce the same result. So, it
is believed to be caused by other effects [3].

If magnetic monopoles existed in the history of our universe, they have to be formed before
inflation so that they are diluted to a very low density [3]. If they are formed after inflation, we
would be able to detect the relic radiation produced, and they would not have all annhilated [13].
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Appendix A

SU(4) x SU(2) generators

A.1 SU(4) generators
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Appendix B

a

B.1

matrix and eigenvectors

SU(4) x SU(2) —» SU(3) x U(1)

sigman::(‘: ;)
sigmau:c(fla)
SigmaiTzc(; fl)
0100
1000
lumbdal.[aaea]
0000
o -100
|1 e @@
lumbda2 = | = 0 0 2
e 0 00
10 @80
lumbda3 = |© -1 @ @
e 0 00
e 0 00
001680
_|eeoo
)umbdﬂ.[leaa]
0000
0o -Io
_|ee o0
xumbdaL[I . e
00 0 o
000 0
_|lee1e
lumbdasflo 100]
0000
0 0 o
lumbda7 = |© @ -1 ©
eI 0 @
00 o o
100 0
Lumbdas = (1/ (sart(31)) |9 5 % O
00 0 o
0001
_|eeoe
lunbdas = | 2 @ @ 9
10080
00 -1
1umbaale=12 g: :
Iee o
e 0060
lumbdall:’g : :;
0100
000 o
1umbdau=’: g : -eI
010 o
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2 | Testa.nb
000
.|eeee
lumbdal3 = 0001
e 0180
e 00 o
e 00 0
14 =
1lumbda: 000 -1
e eI o
100 0
lumbda1s = (1/ (sqrt(6])) g ; ;‘ :
00 -3

{10, ¢}, (¢, 0)])

({0, ic), {-ic, @)}

{{c, @), (0, -c}}

{{e,1,0,0],(1,0,0,0}, {0,0,0,0}, {6,0,0,0)]
{{e, -i,0,0}, (i,0,0,0), (0,0,0,80], (0,0,0,0})
{{1,0,0,0), (0, -1,0,0}, {0,0,0,0}, (0,0,0,0)]
{{e,®,1,0], (0,0,0,0}, {1,0,0, 0}, {6,0,0,0}}
{({e, e, -i,0}, (0,0,80,0], (i,0,0,80], (0,0,0,0})
({0, 0,0,0],(0,0,1,0}, {0,1,0, 0}, {6,0,0,0)]

{{e,e,0,0], (0,0, -i,0], (0, i,0,0], (0,0,0,0})

0,0},

1}, {0, 0,0, 0}, {0,0,0,0}, {1,0,0,0)}
{(e,0,0, i), (0,0,0,0], (0,0,0,0}, {i,0,0,0}
{{e,0,0,0],(0,0,0,1}, {0,0,0, 0}, {6,1,0,0}]
{{e,e,0,0],(0,0,0,-i}, (0,0,0,0}, {0, i,0,0}}
{({0,0,0,0),(0,0,0,0}, {0,0,0,1}, {0,0,1,0))

{{e,0,0,0],(0,0,0,0}, {0,0,0, -1}, {0,0, i, 0}}

{{

,0,0,0), (o,

1
Ve V6 V6

. 1 2
, ——, 0,0, {0,0,-——, 0], (0,0,0,0)
V3 V3

1 1 [
,0,0), (0,0, 0}, (6,0,8, |

V2

[3
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Testé.nb | 3 4 | Testd.nb

(&4 In[150}:
vev- @@ G = Table[ConjugateTranspose [X[a]], {a, 1, 18}]
o F = Table[X[b], (b, 1, 18)]

X[1] = lumbdal.VEV

H = Table[Tr[G[[X]].F[[y]] +G[yl]-F[[x]1], {X, 1, 18}, {y, 1, 18}]
X[2] = lumbda2.VEV

MatrixForm[H]
X[3] = lumbda3.VEV
X[4] = lumbdad.VEV
X[5] = lumbda5.VEV
X[6] = lumbdaé.VEV N
X[7] = lumbda7.VEV oul {((0,0,0,0}, (0,0,0,0}), ({0, 0,0, 0}
X[8] = lumbda8.VEV ({0, 0, 8,0}, (0,0,0,0}), ({0,0,0,0}, (6,0,0,0)], ({0, 0,0,0), (0,0,0,0)},
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X[11] = lumbdal1l.VEV ({0,0,0,0},(0,i,0,0}), ((0,0,0,0}, (0,0,1,0}], ({0,0,0,0}, (0,0, ,0}),
X[12] = lumbdal2.VEV 3 . |
X[13] = lumbdal3.VEV (e, 0, 0,0}, {0,0,0, - Z }}, (10, @, @, Conjugate(c]], (8, @, @, 0} ],

X[15] = lumbdals.VEV ({0, 0, 0, i Conjugate(c]}, {0, 8, 0, 0}}, ({0, 0, 0, 0}, {0, 0, 0, -Conjugate[c]}}}

X[16] = VEV.Signall o {((0,0), (0,0}, (0, 0], (0,01}, ((0, 0}, (0, @), (0, 0), (0, 0)],
X[17] = VEV.Signa2l (10, 0), (6, 0], (0,0), (0,0]], ((6,0), (0,0), (0, 0], (6,0)],
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3
(10,8}, (6,0, (0,0), (0,0)) [«e,e),«e,e),m,e),\’e,—\ﬁ }, (10, 0}, (0, 0), (0,0}, (c, 0]},
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Eigensystem[H]
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o,

o,

10,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0),
10,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0),
{0,0,0,0,0,1,0,0, ,0,0,0,0,0,0,0),
{0,0,0,0,1, 3 ,9,0,0,0,0,0),
{0,0,0,1,0, s ,9,0,0,0],
0,0,1,0,0,0,0, .0, 0,0,
10,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),
{1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0),
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0),
\’E, 0,0,0,0,0,0,0,0,0,0,0,0,0,

-3+ 2cConjugate(c] + /(3+2c?) (3+2Conjugate(c]?)

0,0,0
,0,0,0,0,0,
,0,0,0,0,0
,0,0,0,0,0 B

cooom
o
csooo

,0,0,1},{0,0,0,0,0,0,0,
V6 (c+Conjugate[c])
-3 +2cConjugate[c] - /(3 +2c?) (3+2Conjugate(c]?)
©,0,0,0,0,0,0, - ,8,0,1}}])
V6 (c+Conjugate[c] )
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B.2 SU(2) x SU(2) — U(1)

2 | suzsuz.nb

signait= (2 1) G = Table[ConjugateTranspose[X[a]], {a, 1, 6}]
1e F = Table[X[b], (b, 1, 6}]
sigma2T = 7"1 ;
10 H=Table[Tr([G[[x]].F[[y]] +G[[y]].F[[X]]], {X, 1, 6}, {y, 1, 6}]
signaar= (g %) MatrixForm[H]

sigmal = (;’ :)

signaz = (2 (110, 0), (1,0)}, ((0,0), (i,0}), ((6,0), (0, -1},
(10, 1), (0,0}, ((0, i}, (0, 0)), ({8, 0), (0, -1)})

sigma3 = (1 °
e-t (110, 1), (0,0)), ({0, ~i), (6, 0)), ({0, 0, (0, 1)),

({0, @]}, (1,0}}, ((6,0), (-i,0}}, ({0, 0}, {0, -1}}]

e e ((2,0,0,0,0,0), (6,2,0,0,0,0), (0,0,2,0,0,2),

{10, i}, (-1, 0} {0,0,0,2,0,0}, {0,0,0,0,2,0), {(0,0,2,0,0, 2})
(11,0}, (6, -1} ’ Jeoo0000
220000
{(0, 1}, (1, 0}) 202002
| 000200
{10, -i}, {i, 0}) 2000280
{11, @}, {6, -1}} 0206802/
Eigensystem[H]
VEV:(B 9)
e 1
X(1] = Signal.Vev ((4,2,2,2,2,8), ((0,6,1,0,0,1), (6,0,6,0,1,6],
X(2] = Signa2.vev (0,6,6,1,0,0), (6,1,0,0,0,0), (1,0,0,0,0,0), (6,0, -1,0,0,1))

X[3] = Sigma3.VEV
X[4] = VEV.Sigmail
X[5] = VEV.Sigma2T
X[6] = VEV.Sigma3T
{(0, 0}, (0, 1})
{0, 1}, (0, 0}
({0, -1}, (0, 0}}
(8, 0), (0, -1})
((0,0), (1,0))
(10,0}, (~i,0})

({0, @}, {0, -1}}
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Appendix C

Derivations of terms in the
Lagrangian

C.1 Field strength tensor term

]' a rva 1 a a va 17 a
— GG == L (0uW = W ("W — 9"
€ a a vc
— Seabe(u Wy — O, WWHW (C.1)
2

e
- Zeabcemlft/gM/;walv[/”

The first term

(0, Wy — 0, W) (OHWY — " WHe)
=[0u(evapTsW (1)) — Oy (€paprs W (r))] x [0 (e"r W (r)) — 0" (e"*“r W (r))]
=[€vab0ursW (r) + €0apT6 0, W (1) — €4apOursW (1) — €1aprp0, W (1)]
X [€"4 ot r W (r) + €"%r oMW (r) — !0V r W (r) — e!*r. 0" W (r)]
=2 X 205 (0;mo W (1) + oW (1)) X (01 W (r) + 1.0, W (1))
= 2(6u0be = OueObp) X (OureW (r) + 160, W (1)) x (0”1 W (r) +r.0"W (1))
=4(0;cW (1) + rcdiW (1)) x (0:cW (1) + rcdiW(r))
= 2(0irW (r) + 1.0;W (1)) X (Oir W (1) + 1. 0;W (1))
+ 2(0;rW(r) + 1,0,W (1)) X (01 W (1) + 7:0.W (1))
=2(3W (r)? 4 2r;W (1) ;W (1) + r2(9;(1))?)
+2(8W(r) + r;0;W(r)) x BW(r) 4+ r.0.W(r))
=2(3W (r)? 4+ 2rW ()0, W (1) 4+ 12(9,(1))?)
+2(9W (r)* + 6rW (1) 0, W (r) + r*(d,-(r))?)
=24W ()% + 16rW ()0, W (r) 4 4r%(0, W (r))?
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The second term

€abe (0 WS — O, W WHW e
=¢€abe|€vad(OuraW (1) + 100, W (1)) — €1ad(OpraW (r) + 140, W (1))]
X €“beel’cfrerfW(r)2
—earelBacSi — Gagbac) OraW (r) + radilW (1)) rer ;W (r)?
— €abe(Sabdae — Oaedap)[DiraW (r) + rad;W (r)]€ ror W (r)?
=[(04i0ce — dacdeci)(Vacdar — Oafdac) + (0aidbf — OafOpi)(0abdde — daeddn)]
X [0irgW (r) + 140 W (r)]rer s W (r)?
=[(8:e0af — 6ifOde — Siedap + Oefdia) + (8if0ae — Siedap — 0ifOde + Oefdia)]
X [0maW (1) + 140 W (7)]rer W (r)?
= —2[0prW (r) + 1.0 W (r)]rer ;W (r)?
+ 2[0;mW (1) + 1:0;W ()] W (r)?
= = 2[r2W (r) + r30, W (r)]W (r)?
+ 2[83W (r) 4 70, W (r)]r2W (r)?
=4r*W (r)?

The third term

€abcade WS WSWHIW
=(pabce — ObeOca)€ivfE€jegEidn€iet FroTnriW (r)*
=(6paSce — Obedea) (Opad th — Obndra)(Seedgk — Ocklge)TprgrnriW (r)*
=(30ce0th — Oeedfh — OceOsn + Oendef)(Geedgk — OckOge ) prgrnre W (r)*
=(38tn0gk — O tnOgk — O pnOgk + Ok fOng )T frgrnriW (1)
=204 (r)*

(C.4)

Collecting the results, we have

AW \? dW 1
4G7WGW S—- (dr> — AW - 6W?2 — 2er?W3 — 5eQr‘*W“ (C.5)

C.2 Covarient derivative term

DyQia(D"Qia)™ =[0u(raQ(r)][0" (raQ(r)] + 2(0" (raQ(r))e€apcesr W (r)reQ(r)]

+ 62 eabceadee,ubfeudgrf Tg’I’CTeW(T')2Q(7')2

(C.6)

The first term

[0u(raQ(r)][0" (raQ(r)] =[(0,Q(r))ra + (9ura) Q(r)][(0 Q(r))ra + (8"14)Q(r)]
)

=(0,Q(r) (0" Q(r))rara + 2(8,Q(r))ra(0"1)Q(r) + (Oura) (0 14)Q(r)?
—(8:Q(r))*r* = 2(0;Q(r))ra6iaQ(r) — 6iadiaQ(r)”
=—(0,Q(r))*r* = 2(0,Q(r)rQ(r) — 3Q(r)?

(C.7)
The second term
M (raQ(r))eabceubsr W (r)reQ(r)
= [(0ira)Q(r) + (9:Q(r))rale(0aides — Safdei)rsreW(r)Q(r)
—[Qr)Q(r) + (8:Q(r))riler*W (r)Q(r) + [(9er£)Q(r) + (8:Q(r))ry)]ersreW (r)Q(r)  (C.8)

=[=3Q(r) = 7(2:Q(r)) + Q(r) + r(3:Q(r))]er*W (r)Q(r)
= — 2er*W (r)W(r)?
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The third term

62E(Lbcﬁadeé,ubf(5'udg7/'f7"g7'c7ﬂeI/V(ﬂr')zcg(?ﬂ)2
= — 62(5bd606 — 5bedcd)(6bd6fg — 5bg(5fd)Tf?“chTeW(T)QQ(T)2

= — 62 (5bd§ce — 5b660d)(r25bd — TdT’b)TCTeW(T)2Q(T)2 (Cg)
=— (3% =)W (r)*Q(r)* + (' —rY)W(r)*Q(r)”
= — 2% W (r)2Q(r)?

Collecting the results, we have

1 1, /dQ\? dQ 3
_Z . BOY. VF — a2 - 212 2 2 2 471722
2DHQW(D Qi) 5" (dr) rQ o 2@ 2erWQ* — e“r*W=@Q (C.10)
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Appendix D

Mathematica Programmes -

Numerical solution

D.1 8 =0.1

a=20
b=0.1

c = 0.000001

h = 1.44633

k = -0.000000714377280381745998370575

Sol = NDSolve
{-4x"3 (q" [X] /x-q[X] /x2) +4xwu[x] - q[X] +2X#W[X] "2 q[x] ~1/2bux"3u
QIX1 +1/2b%x"34q[x]"3-x"44 (@' [x] /x-20" [x] /x~2+2q[x] /x"3) == 0,
S8x 3w (W' [X] /XA2-2W[X] /X"3) + 6WIX] "2+ 2W[X] "3+ 2XA2 4 q[X] A2 +
2x72%W[X] < Q[X]*2-2x"4 (W' [X] /x*2-4w' [X] /x*3+6W[X] /X 4) == 0,
Q'[c] =h, q[c] == 0, w'[c] =k, W[c] == @}, (W, q}, {X, ¢, a}]

Plot[(q[x] /. Sol}, (X, ¢, a}, PlotRange -> Full]
Plot[{w[x] /. Sol}, (X, ¢, a}, PlotRange -> Full]
Plot[{q"[x] /. Sol}, {X, c, a}, PlotRange -> Full]
Plot[{w'[x] /. Sol}, {X, c, a}, PlotRange -> Full]

20
0.1

1.x10°
1.44633

7.1437728038174599837058 x 10”7

{xot20) ],

{{w - InterpolatingFunction o

{{1x10%, 20

q - InterpolatingFunction e
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Untitled-1.3.nb | 3

9@[x] = (q[x] /. Sol)
a1[x] = (q"[x] /. Sol)
we[x] = (w[x] /. Sol)
wi[x] = (w'[x] /. Sol)

k1 = NIntegrate[
X"2 (x"2% (WL[X] /X"2-2w0[x] /X*3)"2+4/x*wo[X] * (WL[X] /X"2-2w0[x] /x"3) +
6WO[X]"2 /X 4+2W0[X] "3 /X 4 + (1/2) X -4 +wO[x] "4+
(1/2) x*2+ (a1{x] /x-g0[x] /x*2) "2+ q0[x] * (a1[x] /x-q0[X] /X 2) +
(3/2) 48IX172/Xx"2+2 X" -2 % WO[X] % GO[X] "2 + X" -2 WO[X] "2 % GO [X] "2 -
(1/4) bsge[x1~2+ (1/8) bxqo[x]~4+ (1/8)b), {x, 0.000001, 18} ]

{InterpolatingFunction| 3 [~ ! foa0) )y
{Interpolatingfunction| [ | foot 2l ) )
{InterpolatingFunction | L e s((()";'ﬂ‘w» Jix1}
{InterpolatingFunction L(— Doman fx10%.20) ] ) }
(1.07841)

qorx] =1

qiix] =@

wolx] = -1

wix] =@

k2 = NIntegrate[
X2 (x"2% (Wi[X] /X*2-2wl[X] /X"3)*2+4 /X *w[x] » (WL[X] /x"2-2wO[x] /x"3) +
6WO[X]"2/x" 44+2w0[X] "3 /X 4 + (1/2) x"-4xwO[x] "4+
(1/2) x*2x (a1(x] /x-g0[x] /x*2) "2+ g0[x] * (a1[x] /x-qO[X] /X 2) +
(3/2) q@[x1"2/Xx*2+2x" -2 *wO[X] * QO[X] "2+ X" -2+ WO[X] "2 % GO[X] 2 -
(1/4) brge[x1*2+ (1/8) bwgo[x]~4+ (1/8)b), {x, 18, 1600000} ]

0.0277773

- k3=ki+k2

{1.10619}
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D2 /=1

~a=20
b=1
c = 0.000001

h = 2.19544259333844

k = -0.0000010227161293549

Sol = NDSolve [

{-8x*3% (4" (X1 /x-a[xX] /x"2) +4x+w[x] - [X] +2X *W[x] "2 q[x] -1 /2 ¢ bax"3=
QIX] +1/2bex"3#q[X]"3-x 8% (a°*[x] /x-24" [x] /x*2+2q[x] /x"3) == 0,
-8x 3w (W' [X] /Xx"2-2W[X] /Xx"3) +6W[X]"2+2W[X] "3+2X"2%q[x] "2+
2x72%W[x] ©q[X]*2-2x"4 (W' ' [X] /x*2-4w' [x] /x"3+6W[X] /x"4) == 0,
a'[c] =h, qlc] =@, w'[c] =k, w[c] == 0}, {w, A}, {X, ¢, a}]

Plot[{q[x] /. Sol}, {x, c, a}, PlotRange -> Full]
Plot[{w[x] /. Sol}, {x, c, a}, PlotRange -> Full]
Plot[{q"[x] /. Sol}, {x, c, a}, PlotRange -> Full]
Plot[{w'[x] /. Sol}, {x, ¢, a}, PlotRange -> Full]

20

-1

1.x10°
- 2.19544

- -1.02272x10°

N i i 1] Domain: f1.x10%, 20))
{{w > InterpolatingFunction| U cis 1.
q - InterpolatingFunction ‘ﬁ = ‘X(:(:I;‘D"lﬂ)) m
10
08
08
04
02
T 5 0 15 20

Untitled-1.2.0b | 3

ge[x] = (q[x] /. Sol)
a1[x] = (q"[x] /. Sol)
we[x] = (w[x] /. Sol)
wi[x] = (w'[x] /. Sol)

k1 = NIntegrate[

X"2 (xA2 (WL[X] /X"2-2w0[x] /X*3)"2+4 /X *wo[X] » (WL[X] /X"2-2w0[x] /x"3) +

6WO[X]"2/x"4+2wl[x] "3 /X 4 + (1/2) x*-4xwo[x] "4+
(1/2) x*2+ (a1{x] /x-g0[x] /x*2) "2+ q0[x] * (a1[x] /x-q0[X] /X 2) +

(3/2) a@[X1"2/Xx"2+2x"-2 4O [x] +qO[X] "2 + X" -2 4 WO[x] "2+ qO[X] "2 -

(1/4) brge[x1*2+ (1/8) bxqo[x]~4+ (1/8)b), {x, 0.000001, 20} ]

{InterpolatingFunction| r‘ si((a";'ﬁ‘ 2} x1)
{InterpolatingFunction| C fxota2) ) )

{InterpolatingFunction| (W i‘;“;m”z» Jix1}

. . T 11032 )
{Interpolatingfunction| [1 |/ fota2) ) )

(1.2127)
qox] =1
qi(x] =@
we[x] = -1
wi[x] =@

k2 = NIntegrate[

X"2 (x"2% (WL[X] /X"2-2wl[x] /X"3)"2+4/x#wl[x] » (WL[X] /x"2-2w0[x] /x"3) +

6WO[X]"2/x"4+2Wl[X] "3 /X 4 + (1/2) X -4+ wO[X] "4+
(1/2) x~2+ (aL(x] /x-G0[x] /x*2) 72 +qO[x] * (q1(x] /X~ 4O[X] /x~2) +

(3/2) q@IX1"2/Xx"2+2X" -2+ WO[X] *QO[X] "2+ X -2« WO[X] "2 % GO[X] 2 -

(1/4) bxge[x1~2+ (1/8) bxge[x] "4+ (1/8) b), {x, 20, 1000000} ]

1
)

-1

)
0.0249995
k3 =ki+k2
(1.2377)
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D.3 B =10

a=10
b =10
c = 0.000001

h = 4.3628479920

k = -0.0000016318645585234

Sol = NDSolve [

{-4x73+ (@' [X] /x-q[x] /x"2) +4x#W[X] q[X] +2X*W[X] "2 q[X] -1/24beXx 34
q[x] +1/2bx"3+q[x]"3-x"4x (q'"[x] /x-2q'[x] /x"2+2q[x] /x"3) == 0,
-8x 3w (W' [X] /Xx"2-2W[X] /X"3) +6W[X] "2+ 2W[X] "3 42X 2% q[X] "2+
2x72%W[x] < q[X]*2-2x"4 (W' [X] /X 2-4w' [x] /x*3+6W[X] /X 4) == 0,
q'[c] =h, qlc] =0, w'[c] =k, w[c] == @}, {w, q}, (X, ¢, a}]

Plot[(q[x] /. Sol}, (X, ¢, a}, PlotRange -> Full]
Plot[(w[x] /. Sol}, (X, ¢, a}, PlotRange -> Full]
Plot[{q"[x] /. Sol}, (X, ¢, a}, PlotRange -> Full]
Plot[{w'[x] /. Sol}, (X, c, a}, PlotRange -> Full]
10

10
1.x10°
- 4.36285

~1.63186x10°°

{{w - InterpolatingFunction|

U o {104 10)} ]
scalar

on ({110 10) ]}

q - InterpolatingFunction | A

s

2 | Untitled-1.4.nb

I
02|
04
-08|
-08|
10|
30
25
20
18
10
05

y

-04

2 @ g g

Untitled-1.4.nb | 3

- 9@[x] = (q[x] /. Sol)
a1[x] = (q"[x] /. Sol)
we[x] = (w[x] /. Sol)
wi[x] = (w'[x] /. Sol)

k1 = NIntegrate[

X"2 (x22 (WL[X] /X"2-2w0[x] /x*3)"2+4/x*wl[x] + (WL[X] /Xx"2-2w0[x] /x3) +

6WO[X]"2/x"4+2wB[x] "3 /x4 + (1/2) x -4 +wO[x] "4+
(1/2) x*2 (q1[x] /x- q@[x] /x"2) "2 +qO[x] « (aL[x] /x - q@[X] /x"2) +

(3/2) 90[X1°2 /x"2+ 2x" -2 # WB[X] * GO[X] "2+ X"~2 + WO[X] "2 + QO[X] "2 -

(1/4) bxge[x1~2+ (1/8) bxge[x] "4+ (1/8) b), {x, 0.000001, 8.5}]

[ Soper 1o ] 1)

{InterpolatingFunction|

- {InterpolatingFunction| foot ol )

{InterpolatingFunction| faeo) )y

- {InterpolatingFunction| foot ol )

o

(1.37431}
- ge[x] =1
qi[x] =@
wo[x] = -1
wi[x] = @

k2 = NIntegrate[

X"2 (x22% (WL[X] /X"2-2w0[x] /x*3)"2+4/x*wl[xX] * (WL[X] /Xx"2-2w0[x] /x3) +

6WO[X]"2/x"4+2wB[X] "3 /x4 + (1/2) x -4+ wO[x] "4+
(1/2) x*2 (q1[x] /x- q@[x] /x"2) "2 +qO[x] « (aL[x] /x - q@[x] /x"2) +

(3/2) 90[X1°2 /x" 2+ 2x" -2 # WB[X] * GO[X] "2+ X"~2 ¥ WO[X] 2 + QO[X] "2 -

(1/4) bxge[x1~2+ (1/8) bxge[x]~4+ (1/8) b), {x, 8.5, 1600000} ]

- ©.058823

k3 =ki+k2
- (1.43313)
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Appendix E

Regrouping the terms of scalar field

First, we can ignore the SU(4) part for the scalar field as

=1 (E.1)

0

0
000 1|,
1

For the SU(2) part, it would become much simpler to work in SO(3) representation instead.
It is obvious that

(xtiy 2) (Iziy>:(:ﬂ y 2) g _ (E.2)

So,

onzch = QaQa (E3)

We also can write the covarient derivative in SO(3) representation. The covarient derivative in
SO(3) is given by

0 _W3H WQM X
D,LLQa :a,u(raQ(r)) +e W3;4 0 _Wlp, Yy Q(T)
_WQ;L Wlu 0 z

=0,(raQ(1)) + eeachﬁTcQ(r)
:a,uQa + eeachﬁQc
It is valid to replace the covarient derivative of SU(2) with the expression in (E.4) because
SU(2) and SO(3) are just different representations of 3-d rotations, which are equivalent. (z,y, z)

rotated by SO(3) matrix would give the same result as (z + iy, z) rotated by SU(2) matrix with
same parameters. The partial derivative terms would contract similarly as in (E.2).
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